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E-mail addresses: cfgao@nuaa.edu.cn (C.-F. Gao), y.mThis paper presents a rigorous treatment on a two-dimensional problem of an elliptic hole or a crack in an
inﬁnite electrostrictive solid subjected to remote electric ﬁelds based on the complex variable method.
Firstly, the general solutions are obtained for the electric ﬁelds inside the elliptical hole and the complex
potentials in the solid, respectively. Secondly, numerical results of stresses around the hole are given in
order to discuss the effect of the electric ﬁelds inside the hole on the fracture behaviors of the solid.
Finally, explicit and closed-form solutions are obtained for an electrically permeable/impermeable crack
when the hole degenerates to a crack. It is found that: (1) in general, for a permeable crack, the total stress
may have a traditional r1=2 type singularity at the crack tip under pure electric loads, and the applied
electric loads may enhance or retard crack propagation, which is dependent on the Maxwell stresses
on the crack faces and at inﬁnity; (2) when the interior of the permeable crack is ﬁlled with the same
medium as that at inﬁnity, the magnitude of the Maxwell stress on the crack faces is equal but opposite
to that on the solid surface at inﬁnity, and as a result the applied electric ﬁeld has no effects on crack
growth; and (3) for an impermeable crack, the total stresses still have a r1=2 type singularity at the crack
tips under pure electric loads, and the applied electric ﬁeld perpendicular to the crack surface may
enhance crack propagation.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Electrostrictive materials have wide applications in smart struc-
tures and devices due to their electrostrictive effects. In fact, such
electrostrictive effects exist in many materials under electric stres-
ses (Stratton, 1941; Landau and Lifshitz, 1960), but the electrostric-
tive stresses (ES) are so small in common materials that they may
be ignored under a low applied electric load. However, for some
materials with high electrostrictive constants or containing de-
fects, a greatly enhanced ES may be induced under a high electric
load (or local region with high electric ﬁelds near the defects) thus
leading to failure of the elements. Hence, it is important to analyze
the stresses in electrostrictive materials under electric loading.
In general, electrostrictive strains are nonlinear especially for
some electroactive polymers. Thus, nonlinear theories of deform-
able dielectrics recently attracted much interest. For example,
McMeeking and Landis (2005) presented new formulations for
large deformations of polarizable dielectrics by considering the
electrostatic forces and stored energy in the deformable dielectrics.
McMeeking et al. (2007) also constructed the principle of virtual
work for combined electrostatic and mechanical loading actingll rights reserved.
ospace Engineering, Nanjing
016, China.
ai@usyd.edu.au (Y.-W. Mai).on materials. Suo et al. (2008) developed a nonlinear ﬁeld theory
of deformable dielectrics; Zhao and Suo (2008) proposed a thermo-
dynamic model of electrostriction for elastic dielectrics capable of
large deformations. Kuang (2008a,b, 2009) systematically dis-
cussed the thermodynamic nonlinear variation principles with
electric Gibbs free energy and internal energy for nonlinear dielec-
trics, respectively. More recently, Bustamante et al. (2009) intro-
duced two new variational principles for electroelastostatics
using the electrostatic scalar potential and the vector potential,
respectively. Finally, Skatulla et al. (2009) established a generalized
nonlinear continuum approach for electroelasticity including scale
effects.
However, within the framework of nonlinear theories, it is
mathematically difﬁcult to obtain the analytical solution for the
electric–elastic coupling problems in electrostrictive materials. In
order to give some approximate solutions for crack or inclusion
problems in electrostrictive materials, Knops (1963) and Smith
and Warren (1966, 1968) developed a complex variable approach
to the 2D problem in electrostrictive materials by using a linear
dielectric response D ¼ eE. The procedure of this approach is very
similar to that in solving thermal stress problems, that is, the ﬁrst
step is to solve the electrostatic problem using the linear D—E rela-
tion to obtain the electric ﬁeld, and the second step is to solve the
mechanical boundary-value problem based on the electric ﬁeld
obtained. McMeeking (1989) applied this approach to study the
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hensive discussions about the effects of applied electric ﬁelds on
crack growth. Ru et al. (1998) adopted a similar method to study
the electric ﬁeld induced interfacial cracking in multilayer electro-
strictive actuators based on the small-scale saturation solutions,
and found that the maximum stress intensity factor for an edge
crack is signiﬁcantly larger than that for a centre crack. Beom
(1999) and Beom et al. (2006) analyzed 2D problems in an electro-
strictive ceramic containing a semi-inﬁnite conducting crack or
impermeable crack based on the complex variable approach com-
bined with a small-scale nonlinear model. It should be noted that
the Maxwell stress was neglected in the formulations of Knops
(1963) and Smith and Warren (1966, 1968); but it may play an
important role in the fracture analysis of electrostrictive materials
(McMeeking, 1998).
Recently, Jiang and Kuang (2004, 2007a,b) gave an extended
version of the formulations of Knops (1963) and Smith and Warren
(1966, 1968) by considering the Maxwell stresses produced by the
applied electric ﬁeld, and then studied 2D problems in an electro-
strictive material containing an elliptic rigid conductor, a crack and
an elliptic inhomogeneity, respectively. In all previous studies, the
crack is assumed to be conducting or impermeable, and no explicit
results were presented for the case of a permeable crack. In addi-
tion, as pointed out by McMeeking and Landis (2005) and Kuang
(2008a, 2009), the space surrounding the solid being considered
(e.g., interior of a crack and the free space at inﬁnity) should be in-
cluded, since the electric ﬁeld exists in every non-conducting
material. However, such an important effect does not seem to have
been incorporated in any fracture analysis of electrostrictive mate-
rials. These issues are addressed in this paper. Thus, we will pres-
ent a fundamental solution for a permeable crack in an
electrostrictive solid by solving the 2D problem of an elliptical hole
contained in a solid subjected to pure electric loads at inﬁnity.
The organization of the remaining paper is as follows: In Sec-
tion 2 we outline the basic equations required for this study. In
Sections 3 and 4 we derive the general solutions for the static elec-
tric ﬁeld inside an elliptic hole, and the complex potentials in the
solid, respectively. Numerical results are then presented for the
distribution of stresses around the hole in order to discuss the ef-
fects of electric ﬁelds inside the hole on fracture behaviors in Sec-
tion 5. When the hole degenerates to a crack, explicit and closed-
form solutions are obtained for both permeable and impermeable
cracks in Section 6. Finally, conclusions are given in Section 7.
2. Basic equations
The basic equations given in this section are not new, and they
can be found in the works of Knops (1963), Smith and Warren
(1966, 1968), and have been revised by Jiang and Kuang (2004,
2007a,b). In the following, we only outline those equations to be
used in later analysis based on the works of Jiang and Kuang
(2004) and Kuang (2008a).
2.1. Constitutive equations
For dielectric solids under small deformations, the electric
Gibbs free energy, g, has the form (Kuang, 2008a):
g ¼ 1
2
Cijklejielk  12 eklEkEl  lkijEkeij 
1
2
lijklEiEjelk  12almEmEkelk
þ    ; ð1Þ
ekl ¼ elk; lijkl ¼ ljikl ¼ lijlk ¼ lklij; akl ¼ alk; Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij;
where i; j; k; l ¼ 1; 2; 3; eij; Di and Ei are strain, electric displace-
ment and electric ﬁeld intensity, respectively, and lkij; ekl; lijkl; akland Cijkl are piezoelectric coefﬁcient, permittivity, electrostrictive
coefﬁcient, new electrostrictive coefﬁcient and stiffness coefﬁcient,
respectively (Kuang, 2008a).
In this case, the constitutive equations can be expressed as:
rkl ¼ @g
@elk
; Dk ¼  @g
@Ek
: ð1aÞ
Consider an isothermal and isotropic electrostrictive material,
and neglect piezoelectricity, the constitutive equations of the
material can be ﬁnally expressed, by inserting the above expres-
sion of g in Eq. (1a), as (Jiang and Kuang, 2004; Kuang, 2008a):
rkl ¼ keiidkl þ 2lekl  12 ða1EkEl þ a2EiEidklÞ; ð1bÞ
Dk ¼ ðedkl þ a1ekl þ a2ekkdklÞEl; ð1cÞ
where a1 and a2 are two independent electrostrictive coefﬁcients in
isotropic materials. e is permittivity at the state without any strain.
dij is Kronecker delta. k and l are Lame constants expressed in terms
of Young’s modulus E and Poisson ratio m by: k ¼ Em=½ð1þ mÞ
ð1 2mÞ and l ¼ E=½2ð1þ mÞ.
2.2. Equilibrium equations
@rkl
@xl
þ f ek ¼ 0; ð2aÞ
@Dk
@xk
þ q ¼ 0; ð2bÞ
where f ek is body force induced by the electric ﬁelds, q is free charge
density in the body, and the repeated indices represent their sum-
mation; and
f ek ¼
@rMkl
@xl
; rMkl ¼ eEkEl 
1
2
eEiEidkl; ð3Þ
where rMkl is the Maxwell stress.
Substituting Eq. (3) into equilibrium equation (2), we have:
@~rkl
@xl
¼ 0; ~rkl ¼ rkl þ rMkl ; ð4Þ
where ~rkl is the pseudo total stress.
2.3. Boundary conditions
At the interface of two materials I and II, the boundary traction
Xek induced by the electric ﬁeld is:
Xek ¼  rMþkl  rMkl
 
nl; ð5Þ
where nl is the outward normal on the interface of material I, and
the superscripts + and  refer to the variables in material I or II.
Let the mechanical traction be Xmk on the stress boundary whose
condition is:
rþkl  rkl
 
nl ¼ Xmk þ Xek: ð6Þ
Thus, we obtain:
Xmk ¼ ~rþkl  ~rkl
 
nl: ð7Þ
The displacement boundary is:
uþk ¼ uk : ð8Þ
In addition, the continuous conditions of the electric variables are:
uþ ¼ u; ð9aÞ
Dþk  Dk
 
nk ¼ q; ð9bÞ
where uþ; u and Dþk ; D

k are electric potentials and electric dis-
placements on the interface; q is the free surface charge on the
interface.
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Fig. 1. An elliptic hole in an electrostrictive solid under an electric load.
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Since the electrostrictive problem is nonlinear from Eqs. (1b)
and (1c), it is difﬁcult to give exact solutions for general cases. If
it is assumed that the strain is so small that we can uncouple the
electric problem from the whole problem, thus the electric ﬁeld
may be obtained directly from the theory of electrostatics. Then,
the stress ﬁeld can be given with the aid of the known electric ﬁeld,
which is similar to solving the problems of thermal stresses.
Hence, the equations for 2D problems of electrostatics can be
reduced to:
Dk ¼ eEk; ð10Þ
Ek ¼  @u
@xk
; ð11Þ
@Dk
@xk
¼ 0; ðk ¼ 1;2Þ: ð12Þ
Substituting Eqs. (10) and (11) into (12) leads to:
@2u
@x21
þ @
2u
@x22
¼ 0: ð13Þ
The general solution of Eq. (13) is:
u ¼ Re½wðzÞ; z ¼ x1 þ ix2; ð14Þ
where wðzÞ stands for the unknown potential function.
Inserting Eq. (14) into (11) results in:
E1 ¼ Re½w0ðzÞ; ð15Þ
E2 ¼ Im½w0ðzÞ: ð16Þ
Using Eqs. (15) and (16), we obtain:
E1  iE2 ¼ w0ðzÞ: ð17Þ
In contrast, we have:Z
Dnds ¼
Z
ðD1dx2  D2dx1Þ ¼ e
Z
ðE1dx2  E2dx1Þ: ð18Þ
Substituting Eqs. (15) and (16) into (18) gives:Z
Dnds ¼ 12 ie wðzÞ wðzÞ
h i
: ð19Þ
After wðzÞ is determined according to the given electric boundary
conditions, all the ﬁelds of stresses can be obtained, and the ﬁnal re-
sults are outlined as follows:
Pseudo total stresses
~r22 þ ~r11 ¼ jw0ðzÞw0ðzÞ þ 2 /0ðzÞ þ /0ðzÞ
h i
; ð20Þ
~r22  ~r11 þ 2i~r12 ¼ jw00ðzÞwðzÞ þ 2½z/00ðzÞ þu0ðzÞ; ð21Þ
where j ¼ ð1 2mÞða1 þ 2a2Þ=½4ð1 mÞ; /ðzÞ and uðzÞ are two
complex functions to be determined.
Maxwell stresses
rM22 þ rM11 ¼ 0; ð22Þ
rM22  rM11 þ 2irM12 ¼ emX0ðzÞ; ð23Þ
where
X0ðzÞ ¼ ½w0ðzÞ2: ð24Þ
Electroelastic stresses
r22 þ r11 ¼ jw0ðzÞw0ðzÞ þ 2 /0ðzÞ þ /0ðzÞ
h i
; ð25Þ
r22  r11 þ 2ir12 ¼ jw00ðzÞwðzÞ þ 2½z/00ðzÞ þu0ðzÞ þ emX0ðzÞ: ð26Þ
Eq. (25) plus Eq. (26) gives:r22 þ ir12 ¼ 12jw
0ðzÞw0ðzÞ þ 1
2
jw00ðzÞwðzÞ þ emX0ðzÞ þ /0ðzÞ
þ /0ðzÞ þ z/00ðzÞ þu0ðzÞ: ð27Þ
Similarly, the displacement ﬁelds can be ﬁnally obtained as:
K/ðzÞ  z/0ðzÞ uðzÞ þ vXðzÞ  j
2
wðzÞw0ðzÞ
h i
¼ 2lðu1 þ iu2Þ; ð28Þ
where K ¼ 3 4m and v ¼ ða1  2eÞ=4.
Stress boundary condition
/ðzÞ þ z/0ðzÞ þuðzÞ þ j
2
wðzÞw0ðzÞ
h i
¼ i
Z
ðeX1 þ ieX2Þds: ð29Þ
For a given problem, we need to solve the electrostatic boundary-
value problem and obtain wðzÞ, and then solve the elastic bound-
ary-value problem to yield the ﬁelds of stresses. In addition, it
should be noted that when the electrostrictive solid is solely sub-
jected to mechanical loads, wðzÞ ¼ 0, and as a result, Eqs. (25)–
(29) degenerate to those for the case of isotropic materials. Since
the solutions for 2D problems of isotropic materials have been well
studied by Muskhelishivili (1954), we only consider the case where
the material is under electric loading in the present work.3. Static electric ﬁeld inside an elliptic hole
Consider an electrostrictive solid containing an elliptic hole, as
shown in Fig. 1. It is assumed that the size of the elliptic ﬂaw is
so small compared with that of the solid that the latter can be trea-
ted as an inﬁnite matrix. Additionally, assume that the solid is ex-
posed in air and subject to an electric ﬁeld E12 at inﬁnity, and
moreover the elliptic ﬂaw is ﬁlled with gas or liquid having a
dielectric constant e0.
Here, the electric ﬁelds inside the ﬂaw are constants, and their
components can be denoted by E01 and E
0
2, respectively. Thus, the
electric potential inside the ﬂaw has the form:
u0 ¼ E01x1  E02x2; ð30Þ
and along the interface between the ﬂaw and the matrix, we obtain
from Eq. (18) that:Z
D0nds ¼ D01x2  D02x1; ð31Þ
where D01 and D
0
2 are components of the electric displacement inside
the ﬂaw.
Conversely, in the matrix, we have:
wðzÞ ¼ c1zþw0ðzÞ; ð32Þ
where c1 is a complex constant to be determined from the remote
electric loads, and w0ð1Þ ¼ 0.
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gives:
E11  iE12 ¼ c1: ð33Þ
Thus, we have in this case that:
c1 ¼ iE12 : ð34Þ
Substituting Eq. (32) into (14) and (19) leads to:
u ¼ E11 x1  E12 x2
 þ Re½w0ðzÞ; ð35ÞZ
Dnds ¼ D11 x2  D12 x1
 þ 1
2
ieM w0ðzÞ w0ðzÞ
h i
: ð36Þ
The electric continuous conditions on the interface require:
u0 ¼ u; ð37ÞZ
D0nds ¼
Z
Dnds: ð38Þ
Substituting Eqs. (30), (31), (35) and (36) into (37) and (38), respec-
tively, produces:
1
2
w0ðzÞ þw0ðzÞ
h i
¼ E11  E01
 
x1 þ E12  E02
 
x2; ð39Þ
1
2
w0ðzÞ w0ðzÞ
h i
¼ 1
ieM
D12  D02
 
x1  D11  D01
 
x2
h i
on L: ð40Þ
The conformal transformation method is used to solve Eqs. (39)
and (40). The function mapping the outside of the ellipse into the
outside of a unit circle in the transformed f-plane is:
z ¼ xðfÞ ¼ R fþm
f
 
; R ¼ aþ b
2
; m ¼ a b
aþ b ; ð41Þ
and
f ¼ zþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  4mR2
p
2R
: ð42Þ
On the boundary of the ﬂaw, we have:
x1 ¼ a cos h ¼ a2 rþ
1
r
 
; x2 ¼ b sin h ¼ i b2 r
1
r
 
; ð43Þ
where r ¼ eih stands for the point of unit circle.
Substituting Eq. (43) into (39), and then taking the Cauchy inte-
gral of Eq. (39) along the whole unit circle results in (Muskhelishi-
vili, 1954):
w0ðfÞ ¼ 1f a E
1
1  E01
 
þ ib E12  E02
 h i
: ð44Þ
Similarly, we have from Eq. (40) that:
w0ðfÞ ¼ 1ieMf a D
1
2  D02
 
 ib D11  D01
 h i
: ð45Þ
From Eqs. (44) and (45), we obtain:
a E11  E01
 
þ ib E12  E02
 
¼ 1
eM
b D01  D11
 
þ ia D02  D12
 h i
:
ð46Þ
Equating the real and imaginary parts of the two sides of (46) gives:
E11  E01
 
a ¼ 1
eM
D01  D11
 
b; ð47Þ
E12  E02
 
b ¼ 1
eM
D02  D12
 
a: ð48Þ
Eqs. (47) and (48) show that an electric component inside the ellip-
tic ﬂaw is only dependent on the applied electric ﬁeld in the direc-
tion parallel to the component. Thus, for the present case where
only E12 is applied, we have E
0
1 ¼ 0 from Eq. (47). Moreover, substi-
tuting E02 ¼ D02=e0, we ﬁnally obtain:D02 ¼ D12 þ
1 eMe0
1þ ba eMe0
 b
a
D12 : ð49Þ
The complex function w0ðfÞ can be expressed as:
w0ðfÞ ¼ aieM D
0
2  D12
 1
f
: ð50Þ
Substituting Eqs. (50) and (41) into (32), we obtain:
wðzÞ ¼ iE12 R fþ
a
f
 
; ð51Þ
where
a ¼ 2a
aþ b
D02
D12
 1: ð52Þ4. Complex potentials in the material outside the hole
In this case, the complex potentials in the material are given
below:
/ðzÞ ¼ C1zþ /0ðzÞ; ð53Þ
uðzÞ ¼ C2zþu0ðzÞ; ð54Þ
where C1 and C2 are complex constants, and /0ð1Þ ¼ u0ð1Þ ¼ 0.
Substituting Eqs. (53) and (54) into (20) and (21) leads to:
~r122 þ ~r111 ¼ j E12
 2 þ 2ðC1 þ C1Þ; ð55Þ
~r122  ~r111 þ 2i~r112 ¼ 2C2: ð56Þ
Since there is no mechanical stress at inﬁnity, the pseudo total
stresses at inﬁnity are equal to the Maxwell stresses at inﬁnity, i.e.,
~r1ij ¼ rMij ð1Þ, and thus Eqs. (55) and (56) become:
rM22ð1Þ þ rM11ð1Þ ¼ j E12
 2 þ 2ðC1 þ C1Þ; ð57aÞ
rM22ð1Þ  rM11ð1Þ þ 2irM12ð1Þ ¼ 2C2: ð57bÞ
From Eqs. (57), we obtain:
C1 ¼ r
M
22ð1Þ þ rM11ð1Þ
4
 1
4
j E12
 2
; ð58aÞ
C2 ¼ r
M
22ð1Þ  rM11ð1Þ
2
þ irM12ð1Þ: ð58bÞ
When only the electric load E12 is applied at inﬁnity, we have:
rM11ð1Þ ¼ 
1
2
e1 E12
 2
; rM22ð1Þ ¼
1
2
e1 E12
 2
;
rM12ð1Þ ¼ 0: ð59Þ
Substituting Eq. (59) into (58) leads to:
C1 ¼ 14j E
1
2
 2
; C2 ¼ 12 e1 E
1
2
 2 ¼ 1
2e1
D12
 2
: ð60Þ
In contrast, along the rim of the ﬂaw, the generalized stress
boundary condition can be expressed as:
/ðzÞ þ z/0ðzÞ þuðzÞ þ j
2
wðzÞw0ðzÞ ¼ i
Z eX01 þ ieX02 ds; ð61Þ
where eX01 and eX02 are the pseudo total boundary tractions and can be
obtained from the Maxwell stresses inside the ﬂaw, since the
mechanical stresses are zero there. Based on Eqs. (22)–(24) the
Maxwell stresses inside the ﬂaw are calculated from:
rM11 ¼ 
e0
2
E02
 2
; rM22 ¼
e0
2
E02
 2
; rM12 ¼ 0: ð62Þ
From Fig. 2, we have:eX01ds rM11dx2 ¼ 0; ð63ÞeX02dsþ rM22ðdx1Þ ¼ 0: ð64Þ
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eX01ds ¼  e02 E02 2dx2; ð65ÞeX02ds ¼  e02 E02 2dx1: ð66Þ
Thus, we obtain:
eX01 þ ieX01 ds ¼ i e02 E02 2dz: ð67Þ
Finally, we have:
i
Z eX01 þ ieX01 ds ¼ e02 E02 2z: ð68Þ
Substituting Eq. (68) into (61) gives:
/ðzÞ þ z/0ðzÞ þuðzÞ þ j
2
wðzÞw0ðzÞ ¼ e0
2
E02
 2
z; z 2 L ð69Þ
In the f-plane, Eq. (69) can be recast as:
/ðfÞ þxðfÞ /
0ðfÞ
x0ðfÞ þuðfÞ þ
j
2
wðfÞw0ðfÞ ¼ e0
2
E02
 2
zðfÞ; f 2 c
ð70Þ
where
/ðfÞ ¼ RC1fþ /0ðfÞ; ð71Þ
uðfÞ ¼ RC2fþu0ðfÞ; ð72Þ
and /0ð1Þ ¼ u0ð1Þ ¼ 0.
Substituting Eqs. (71) and (72) into (70) yields:
/0ðrÞ þxðrÞ
/00ðrÞ
x0ðrÞ þu0ðrÞ ¼ f0ðrÞ; r 2 c ð73Þ
where
f0ðrÞ ¼ e02 E
0
2
 2
zðrÞ  j
2
wðrÞw0ðrÞ  RC1r RC2 1r RC1
xðrÞ
x0ðrÞ :
ð74Þ
The general solution of Eq. (73) has been given by Muskhelishi-
vili (1954) below:
/0ðfÞ ¼ 
1
2pi
Z
c
f0ðrÞ
r f dr; ð75Þ
u0ðfÞ ¼ 
1
2pi
Z
c
f0ðrÞ
r f dr f
1þmf2
f2 m /
0
0ðfÞ: ð76Þ
Inserting Eq. (74) into (75) and (76) results in /0ðfÞ and u0ðfÞ, and
then substituting them into (71) and (72), we obtain the ﬁnal re-
sults of the complex potentials as:n
t
0
1
~X
0
2
~
X
α
M
11σ
M
22σ
M
12σ
Fig. 2. Maxwell stresses at the surface of the hole./ðzÞ ¼ C1zþ 2RC1ðamÞ  RC2f þ
1
2
Re0 E02
 2 1
f
; ð77ÞuðzÞ ¼ C2zþ
2RC1ð2ma a2 m2Þ þ RC2 m2  1 2mf2
 
fðf2 mÞ
þ 1
2
Re0 E02
 2 2mf2 þ 1m2
fðf2 mÞ ð78Þ
where C1 and C2 are given by Eq. (60), and E
0
2 ¼ D02=e0 which can be
determined by Eq. (49). Substituting these known functions into
Eqs. (77) and (78) we can obtain entire solutions of /ðzÞ and uðzÞ
with E12 . But, the ﬁnal expressions are very long and they are omit-
ted here for conciseness.
It is shown from the last terms of Eqs. (77) and (78) that /ðzÞ
and uðzÞ are related to the electric ﬁeld inside the hole. If the elec-
tric ﬁeld is neglected (electrically impermeable boundary condi-
tion: D02 ¼ 0 and thus E02 ¼ 0 inside the hole), we have from Eq.
(52) that a ¼ 1, and as a result, Eqs. (77) and (78) become:
/ðzÞ ¼ C1z 2RC1ð1þmÞ þ RC2f ; ð79Þ
uðzÞ ¼ C2z 2RC1ð1þmÞ
2  RC2ðm2  1 2mf2Þ
fðf2 mÞ : ð80Þ
After /ðzÞ and uðzÞ are determined, we can now obtain all the ﬁelds
of stresses by using Eqs. (20)–(26).5. Numerical results of stresses near the hole
In the following numerical examples, we take PMN-PT as a
model material and its constants are given (Jiang and Kuang,
2007b) by:
E ¼ 281 GPa; m ¼ 0:26; em ¼ 6:64 108 F=m
a1 ¼ 2:704 105 F=m; a2 ¼ 4:899 106 F=m:
In addition, the hole is assumed to be ﬁlled with air with a dielectric
constant: e0 ¼ 8:85 1012 F=m, and the material is under a pure
electric ﬁeld: E12 ¼ 1 MV=m at inﬁnity. Here, the distribution of
the stress ~r22 ahead of the right-end of the elliptic hole along the
x1-axis can be calculated by using Eqs. (20) and (21), and the results
are shown in Figs. 3–5, respectively, for different elliptic hole sizes.
It can be seen from Figs. 3 and 4 that as the hole becomes slender,
the contribution of the electric ﬁeld inside the hole becomes great-
er. This is because the third terms in Eqs. (77) and (78) become crit-
ical in this case based on Eq. (49). Especially, when the hole
degenerates to a crack along the x1-axis as shown in Fig. 5, the re-
sults based on a permeable crack model show that the stress is uni-
form everywhere, while the prediction based on an impermeable
crack model is that the stress is singular at the crack tip.
When the hole is degenerated to a crack along the x2-axis as
shown in Fig. 6, the stress in the material is also uniform every-
where and it is equal to the Maxwell stress produced by the elec-
tric load. In this case, the electric ﬁeld E0 inside the crack has no
contribution to ~r22. Shown in Fig. 7 is the distribution of hoop
stress ~rh at the rim of the hole under different electric loads; and
it is found that the hoop stress increases as the applied electric
ﬁeld increases. Similarly, the distribution of hoop stress ~rh is given
in Fig. 8 when the material containing different hole sizes is sub-
jected to a pure electric ﬁeld; and it is shown clearly that the stress
~rh becomes larger as the hole becomes more slender along the x1-
axis.
Fig. 3. Distribution of stress ~r22 along x1-axis for b=a ¼ 2.
Fig. 4. Distribution of stress ~r22 along x1-axis for b=a ¼ 0:5.
C.-F. Gao et al. / International Journal of Solids and Structures 47 (2010) 444–453 4496. Explicit solutions for a crack
6.1. Permeable crack
When the hole becomes a crack situated along the x1-axis as
shown in Fig. 9, we have: b ¼ 0; m ¼ 1 and R ¼ a=2. The solutions
for a permeable crack are:
D02 ¼ D12 ; a ¼ 1; ð81Þ
wðzÞ ¼ iE12 R fþ
1
f
 
¼ c1z; ð82Þ
which indicate that the electric ﬁelds inside the crack and in the
matrix are uniform.Also, Eqs. (77) and (78) become:
/ðzÞ ¼ C1zþ a4f e0E
02
2  2C2
 
; ð83Þ
uðzÞ ¼ C2zþ af
2ðf2  1Þ e0E
02
2  2C2
 
; ð84Þ
where e0 is the dielectric constant of the crack interior.
On the surface of the material at inﬁnity, the Maxwell stresses
are calculated by:
rM22ð1Þ ¼
1
2e1
D12
 2
; rM11ð1Þ ¼ 
1
2e1
D12
 2
; rM12ð1Þ ¼ 0;
ð85Þ
Fig. 5. Distribution of stress ~r22 along x1-axis for b=a ¼ 0.
Fig. 6. Distribution of stress ~r22ðx1Þ for a crack along x2-axis.
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Substituting Eqs. (85) into (60) gives:
2C2 ¼ 1e1 D
1
2
 2
: ð86Þ
Inserting (86) into (83), (84) and noting that
e0E0
2
2 ¼ D02
 2
=e0 ¼ D12
 2
=e0, we obtain:
/ðzÞ ¼ C1zþ a4f
1
e0
 1
e1
 
D12
 2
; ð87Þ
uðzÞ ¼ C2zþ af
2ðf2  1Þ
1
e0
 1
e1
 
D12
 2
; ð88ÞFrom Eq. (42), we have:
1
f
¼ 1
a
ðz
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
Þ; ð89aÞ
1
fþ 1 ¼
1
2
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z a
zþ a
r 
;
1
f 1 ¼
1
2
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zþ a
z a
r !
; ð89bÞ
f
f2  1 ¼
1
2
1
fþ 1þ
1
f 1
 
¼ a
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p : ð89cÞ
Substituting Eq. (89) into (87) and (88) results in:
/ðzÞ ¼ C1zþ 14
1
e0
 1
e1
 
D12
 2ðz ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃz2  a2p Þ; ð90Þ
uðzÞ ¼ C2zþ 14
1
e0
 1
e1
 
D12
 2 a2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p : ð91Þ
Fig. 7. Distribution of hoop stress ~rh at the rim of the hole under different electric loads.
Fig. 8. Variation of hoop stress ~rh at the rim of the hole with hole size.
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tip can be expressed, from Eqs. (20), (21) and (82), by:
½~r22 þ i~r12s ¼ /0ðzÞ þ /0ðzÞ þ z/00ðzÞ þu0ðzÞ
h i
s
;
when z ! a:
Using Eqs. (90) and (91), we have from Eq. (92) that:
½~r22 þ i~r12s ¼
1
2
ﬃﬃﬃ
2
p
ﬃﬃﬃ
a
r
r
1
e1
 1
e0
 
D12
 2
; ð93Þ
where r is the distance from the crack tip.It is seen from Eq. (93) that for a permeable crack, the stresses
have a traditional r1=2 singularity at the crack tip. Thus, the stress
intensity factors can be deﬁned by:
K I þ iK II ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
½~r22 þ i~r12s; ð94Þ
Inserting (93) into (94) leads to:
K I þ iK II ¼
ﬃﬃﬃﬃﬃﬃ
pa
p 1
2e1
 1
2e0
 
D12
 2
: ð95Þ
That is,
K I ¼
ﬃﬃﬃﬃﬃﬃ
pa
p 1
2e1
 1
2e0
 
D12
 2
; K II ¼ 0: ð96Þ
∞2D
022
Mσ
∞
M
22σ
Fig. 9. Maxwell stresses on the surface of the solid.
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we can obtain: K I ¼ K II ¼ 0, which is consistent with McMeeking’s
results (1989). When e1 < e0; K I > 0, which means that the ap-
plied electric load may enhance crack growth, and conversely
when e1 > e0; K I < 0, which implies that the applied electric load
may retard crack growth. In fact, Eq. (96) can be rewritten as:
K I ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
rM22j1  rM22j0
 
; ð97Þ
where rM22j1 and rM22j0 are Maxwell stresses on the remote surface of
the material and on the surfaces of the crack, respectively, such
that:
rM22j1 ¼
1
2e1
D12
 2
; rM22j0 ¼
1
2e0
D12
 2
: ð98Þ
Thus, it is found from Eq. (97) that the singularity of electroelastic
ﬁelds depends on the Maxwell stresses along the crack faces and
the remainder surface of the solid, as shown in Fig. 9.
6.2. Impermeable crack
If the crack is impermeable, that is, D02 is zero, then a ¼ 1 from
Eq. (52), and Eqs. (51), (79) and (80) become:
wðzÞ ¼ iE12 R f
1
f
 
; ð99Þ
/ðzÞ ¼ C1z ð4C1 þ C2Þ a2f ; ð100Þ
uðzÞ ¼ C2z ð4C1 þ C2Þ af
f2  1 : ð101Þ
Using Eqs. (89), (99)–(101) can be rewritten as follows:
wðzÞ ¼ iE12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
; ð102Þ
/ðzÞ ¼ C1z 12 ðz
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
Þð4C1 þ C2Þ; ð103Þ
uðzÞ ¼ C2z ð4C1 þ C2Þ a
2
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p : ð104Þ
In this case, Eq. (97) can be reduced to:K I ¼ rM22j1
ﬃﬃﬃﬃﬃﬃ
pa
p
; ð105Þ
where rM22j1 is given by Eq. (98).7. Conclusions
We analyze the 2D problem of an inﬁnite electrostrictive solid
with an elliptic hole using the complex variable method. The gen-
eral solutions are obtained in explicit and closed-forms for the
electric ﬁeld inside the hole and the complex potentials in the solid
which is subjected to remote electric ﬁelds. When the hole degen-
erates to a crack, concise results are obtained for an electric perme-
able and impermeable crack, respectively. Several conclusions may
be made based on the outcomes of the present work and they are
given below.
(1) For a permeable crack, the total stresses in general have a
traditional singular type of r1=2 at the crack tip under pure
electric loads.
(2) When a permeable crack is ﬁlled with the same medium as
that at inﬁnity, K I ¼ K II ¼ 0, which means that the applied
electric ﬁeld has no effects on crack growth; when the
dielectric constants of the medium inside the crack is greater
than that at inﬁnity, K I > 0 and the applied electric load may
enhance crack propagation; and when the dielectric con-
stants of the medium inside the crack is smaller than that
at inﬁnity, K I < 0 and the applied electric load may retard
crack growth.
(3) For an impermeable crack, the total stresses still have the
singularity of r1=2 at the crack tips under pure electric loads,
and the applied electric ﬁeld perpendicular to the crack sur-
face may enhance crack growth.
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